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SUMMARY 
The s t ruc tura l  e f fec ts  of nonuniform temperature distributions,  such 
a s  those produced by aerodynamic heating o r  thermal ice-prevention systems, 
are  discussed and found t o  be of two types: The introduction of thermal 
stresses and dis tor t ions as a result of res t ra ined thermal expansion and 
a change i n  the stresses and dis tor t ions produced by the applied loads as 
a result of the var ia t ion of e l a s t i c  properties of materials w i t h  temper- 
ature, 
dis tor t ion dis t r ibut ions of simple box beams and by calculation of the 
s t resses  on a typical  wing section. 
These ef fec ts  are i l l u s t r a t ed  by sample analyses of the stress and 
I 
INTRODUCTION 
The determination of the s t ructural  e f fec ts  of nonuniform temperature 
distributions, such a s  those produced by aerodynamic heating or thermal 
ice-prevention systems, i s  rapidly becoming a problem of in te res t  t o  air- 
c ra f t  designers, Uniform temperature dis t r ibut ions have re la t ive ly  simple 
s t ructural  effects ,  but the temperature gradients of nonuniform d i s t r i -  
butions, which often occur, have important and complex e f f ec t s  on the 
stresses and dis tor t ions of the structure, and t h e i r  prediction requires 
the development of analyt ical  methods, 
The first step i n  a thermoelastic analysis i s  the determination of 
the temperature distribution, a problem which has received much at tent ion 
i n  the  recent literature as indicated by the theoret ical  and experimental 
work reported i n  references 1 t o  5 ,  
greatest s t ructural  importance a re  often t rans i tory  and t h e i r  determina- 
t i on  requires the simultaneous solution of aerodynamic and heat equations 
a s  a function of t i m e .  This problem, however, l i es  beyond the scope of 
the present paper, which i s  concerned with the  s t ruc tura l  e f fec ts  of a 
given temperatur,e distribution, and hence a l l  temperature dis t r ibut ions 
used ia the  examples have been chosen arb i t ra r i ly .  
The temperature dis t r ibut ions of 
1 
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The calculation of the s t resses  due t o  various temperature distri- 
butions has been t rea ted  t o  some extent by several investigators, since 
the problem has long been of concern t o  power-plant and engine designers 
( fo r  example, see reference 6). The basic concepts are  outlined i n  
reference 7 and some specific problems involving simple structures are 
soived i n  references 7 and 8; however, the only known work d i rec t ly  
re la ted t o  a i r c r a f t  structures i s  the experimental data of reference 9. 
The required methods tha t  would be d i rec t ly  applicable t o  the thermo- 
e l a s t i c  analysis of a i r c r a f t  structures, therefore, have not a s  yet been 
developed. 
In  the present paper, the e f fec ts  of temperature changes on a i r c r a f t  
structures are discussed and the various s t r e s s  and dis tor t ion changes 
are  i l l u s t r a t ed  by several analyses of simplified structures. The ana- 
l y t i c a l  methods used a re  derived Yn the appendixes and provide re la t ive ly  
simple means of approxAmating the s t resses  i n  complicated structures. A 
generalized type of analysis, presented i n  reference 10, yields more 
accurate r e su l t s  f o r  these cases but requires a much larger  amount of 
work. 
THE STRUCTURAL EFFECTS OF TEMPERATURE CHANGES 
When an unrestrained isotropic body is heated uniformly, it experi- 
ences a uniform expansion tha t  proceeds f r ee ly  i n  a l l  directions. 
the temperature var ies  throughout the body, however, each element w i l l  
t r y  t o  expand a different  amount. Such an expansion cannot, i n  general, 
take place freely,  and the internal  r e s t r a in t  against the expansion w i l l  
induce thermal s t resses  i n  the body. Thermal s t resses  may similarly be 
induced by any type of temperature change if  the body i s  externally 
restrained. These thermal s t resses  and dis tor t ions may be called the 
thermal-expansion ef fec ts  of temperature changes, 
If 
A change i n  the temperature of a body a lso  causes a change i n  i t s  
e l a s t i c  properties, such as the modulus of e l a s t i c i ty ,  modulus of r ig id i ty ,  
and coefficient of thermal expansion, which have heretofore been considered 
constant. 
references 11 and E.) If the en t i r e  body i s  heated uniformly, the e l a s t i c  
properties w i l l  change, but they w i l l  be constant throughout the body. 
If the temperature dis t r ibut ion is  nonuniform, however, the body w i l l  have 
different e l a s t i c  properties from point  t o  point and thus w i l l  behave 
different ly  under an applied load than i f  the properties were uniform. 
In each case the effect ive structure i s  changed, and the resul t ing changes 
i n  the s t resses  and dis tor t ions -be called the elastic-property e f fec ts  
of temperature changes, 
(For example, see f i g ,  1, which was compiled f romthe  data of 
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Thus, a structure under an externally applied load and subjected t o  
nonuniform heating w i l l  experience a change i n  the s t resses  produced by 
the load plus the  addition of thermal stresses.  These s t r e s s  changes a re  
more eas i ly  understood i f  the changes i n  the component par ts  of the t o t a l  
s t r e s s  a re  studied. I n  each case the type of s t r e s s  (load or  thermal) i s  
subdivided into elementary and secondary s t r e s s  components. 
The elementary s t resses  produced by the applied load are determined 
from the ordinary engineering theory of she l l  structures which yields the 
familiar formulas f o r  normal and shear stresses: PIA, Mc/I, V Q / I t ,  
and Torque/2At. Secondary stresses appear when the assumptions of 
elementary theory are  not completely valid; f o r  instance the restrained 
root warping of she l l  structure resu l t s  i n  shear-lag s t resses  and bending 
s t resses  due t o  torsion. These self-equilibrating secondary distributions 
are s t a t i c a l l y  indeterminate; thus their calculation i s  somewhat more 
complicated than the elementary solutions. The methods usually used f o r  
calculation of e i the r  elementary o r  secondary s t resses  i n  she l l s  a re  
based on the assumption of constant e l a s t i c  properties and should there- 
fore be redeveloped on the  basis  of variable e l a s t i c  properties if that 
type of temperature e f fec t  i s  t o  be calculated accurately. 
Methods f o r  determining thermal s t resses  a re  not so well established 
as those f o r  determining stresses due t o  external loads, but similar con- 
siderations can be used t o  different ia te  between elementary and secondary 
thermal stresses.  Secondary s t resses  again appear when the cross section 
warps, f o r  instance, near the end of a cantilever beam having a t i p  cross 
section that must be free of thermal s t ress .  Thermal s t resses  are  inde- 
pendent of the applied loads; therefore, each stress component i s  a se l f -  
equilibrating system, the magnitude of which depends only upon the temper- 
ature dis t r ibut ion and the character is t ics  of the structure,  The changes. 
i n  e l a s t i c  properties with temperature a l s o  a f fec t  the thermal s t resses  
induced by a given temperature gradient, and provision should be made fok 
these e f fec ts  i n  the analyt ical  methods developed. 
€4 
I 
A l l  the changes i n  the stresses and dis tor t ions (load or  thermal) of 
a shell structure caused by temperature changes can be determined by 
application of the theory of e l a s t i c i t y  ( f o r  example, see reference 7), 
provided the e l a s t i c  properties of the material a re  known f o r  a l l temper-  
atures involved. Because of the variation of e l a s t i c  properties, exact 
solutions of even the simplest problems are  d i f f i c u l t  t o  obtain, 
a l l  p rac t ica l  cases simplifying assumptions must be introduced and 
approximate methods must be used. 
simplified structures a re  developed i n  the appendixes, 
section these methods a re  applied t o  several problems that i l l u s t r a t e  
the previously described ef fec ts  of temperature changes and indicate the  
re la t ive  importance of these effects.  I n  addition, the va l id i ty  of some 
simplifying assmptions (constant e l a s t i c  properties and i n f i n i t e  trans- 
verse s t i f fness )  are examined. 
In 
Several methods f o r  the analysis of 
In  the next 
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ILLUSTRATIVE EXAMPUS 
The following examples are  presented to i l l u s t r a t e  the e f fec ts  of 
temperature changes on a she l l  structure. In  order t o  f a c i l i t a t e  the 
analysis, only very simplified structures are considered, the idealized 
she l l  consisting of a number of longitudinal elements that are assumed 
t o  carry only ax ia l  load and panels, or elements of sheet, that carry 
only shear. This type of simplified structure i s  commonly used f o r  the 
analysis of s t i f fened shells.  
A l l  s tructures are  assumed t o  be constructed of 75s-r6 aluminum 
al loy which has the e l a s t i c  properties shown i n  figure 1. The symbols 
used a re  defined i n  appendix A, and the equations required f o r  the 
analysis of these structures are derived i n  appendixes B t o  F. 
I 
The temperatures used are  measured from the temperature a t  which 
there is  no thermal stress i n  the structure, which i s  assumed t o  be 
60' F i n  the present paper, 
T = 0' F 
Thus, i n  f igure 1 and i n  a l l  the  examples 
corresponds t o  60' F. 
e 
The poss ib i l i ty  of skin buckling is  not considered i n  the following 
examples. It i s  apparent from the magnitude of the calculated s t resses  
that buckling occurs i n  many cases and thus reduces the effectiveness of 
the skin, Since this factor  may be important i n  design, the effective- 
nesb of the buckled skin a t  i t s  actual  temperature must be determined i n  
pract ical  applications. Reference 11 presents the resu l t s  of an experi- 
mental investigation of compressive buckling of plates  a t  elevated 
temperatures. 
Stress Distribution in  a Box Beam 
The f i r s t  ser ies  of examples i g  concerned with the effect  of temper- 
ature changes on the s t r e s s  dis t r ibut ion i n  the box beam shown i n  f ig -  
ure 2. The box beam i s  of doubly symmetrical, rectangular cross section 
and consists of two ve r t i ca l  spar webs, f o u r  corner flanges, and a 
central  str inger i n  each of the covers. It i s  subjected t o  a concen- 
t ra ted,  ver t ica l  t i p  load of 10,000 pounds. In  addition t o  i l l u s t r a t ing  
the general. e f fec ts  of a temperature change, these examples a lso a re  used 
t o  demonstrate the significance of variable e l a s t i c  properties and f i n i t e  
r i b  s t i f fness .  
General e f fec ts  of temperature changes.- Figure 3 shows the stress 
dis t r ibut ion obtained from three different  tem-gerature distributions 
that vary only -a the chordwise direction. (The plot ted values were 
determined from the  equations derived i n  appendix B under the assumptions 
that the box beam has closely spaced r i g i d  r ibs ,  t h a t  the temperature i s  
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symmetrical chordwise but invariant spanwise and depthwise, and that the 
e l a s t i c  properties vary with temperature. ) 
*I 
Example 1 (f ig ,  3) shows the distribution of cover shear s t r e s s  and 
flange and s t r inger  normal s t r e s s  when the box beam i s  a t  a uniform 
temperature (T = 0' F) and no thermal s t resses  are present. The curves 
merely show the effect  of shear lag  on the elementary stresses given by 
ordinary beam theory (Mc/I and V Q / I t ) .  
Example 2 ( f ig .  3) shows the stresses f o r  a case i n  which the 
flanges are hot ter  than the central  str inger (TF = 250' F; 
A substantial  change i n  the shape of the stress dis t r ibut ion as w e l l  a s  
i n  the magnitude of the s t resses  i s  apparent. The maximum normal stress 
(lower flanges) has increased 24 percent and the maximum shear stress 
(upper surface) has increased 151 percent over the  maximum stresses  given 
i n  example 1. 
TS = 125' F).  
Example 3 ( f ig ,  3) presents similar results f o r  a case i n  which the 
TS = 250' F). central  str inger i s  hot ter  than the flanges (TF = 125' F; 
The changes are  very similar t o  those of example 2 but a re  i n  the 
opposite direction and of a s l i gh t ly  different  magnitude, the maximum 
normal s t ress  (upper flanges) increasing 30 percent and the maximum 
shear s t ress  (lower surface) 142 percent over the maximum values of 
example 1. 
The stress changes i l l u s t r a t ed  are the result of the two ef fec ts  of 
temperature previously described, t h a t  is, thermal s t resses  and varying 
e l a s t i c  properties. The changes of s t r e s s  i n  the upper and lower 
s t r ingers  are interchanged i n  examples 2 and 3 because the temperature 
gradients are interchanged. The changes a re  of unequal magnitude 
because the changes i n  e l a s t i c  properties lead t o  a different effect ive 
structure i n  each case, These differences can be examined more closely 
by considering the changes i n  each stress component shown i n  figure 4, 
The components of the normal s t r e s s  i n  the upper flanges and the 
shear stresses i n  the upper surface a re  shown i n  figure 4 f o r  each of 
the three temperature distributions previously considered. The sum of 
these s t ress  components yields the t o t a l  stress f o r  these elements 
plot ted i n  figure 3. The elementary s t resses  due t o  the ver t ica l  load 
show changes of about 5 percent becavse of the  changes i n  the effect ive 
structure. These s t resses  were computed. by modifying the well-known 
formulas M c / I  and V Q / I t  t o  include the effect  of a variable modulus 
of e las t ic i ty .  The shear-lag s t resses  show a change of approximately 
5 percent of the shear-lag s t resses  f o r  the uniform temperature; t h i s  
change, however, amounts t o  less than 1 percent of the elementary stress 
f o r  the uniform temperature. 
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The largest  changes i n  the s t resses  resu l t  from the thermal stresses.  
No thermal s t resses  w e r e  present when the box beam was a t  a uniform tem- 
perature, but the nonuniform distributions introduced thermal s t resses  
amounting t o  26 percent of the maximum normal s t resses  and 146 percent 
of the maximum shear s t resses  of the box beam a t  a uniform temperature. 
In figure 4, the t o t a l  thermal stress i s  given by the sol id  l ines;  the 
elementary thermal stress i n  the flanges is  given by the dashed l ine;  
and the difference between that and the t o t a l  stress is  the secondary 
thermal s t r e s s  t ha t  results from the requirement of zero s t r e s s  a t  the 
end of the beam. A l l  the shear s t resses  result from the secondary 
distribution. 
The thermal-stress components f o r  the temperatures in  examples 2 
and 3 are equal and opposite. This resu l t  i s  caused by the par t icular  
relationships existing between the s t r inger  and flange areas of the 
structure analyzed and the fac t  that the temperature gradients across 
the beam were equal and opposite i n  the two examples. 
Significance of variable e l a s t i c  properties.- In  the preceding 
example, the variation of e l a s t i c  properties with temperature was seen 
t o  have a small effect  on the s t r e s s  distribution. However, these 
changes may be of greater importance fo r  other temperatures, a s  shown 
i n  figure 5. A wide range of flange and s t r inger  temperatures i s  con- 
sidered, but the r e s t r i c t ion  i s  made that the flange i s  hotter than the 
stringer and that the  temperature does not vary along the span or  across 
the depth of the box beam. Three components of the flange s t r e s s  a re  
i l l u s t r a t ed  as  fol lows:  
Figure 5 ( a )  shows the magnitude of the maximum elementary normal 
or  bending s t r e s s  a s  a function of flange and stringer temperature. 
s t ress  changes are  seen t o  be quite large a t  the higher temperatures 
where the modulus of e l a s t i c i t y  is  changing rapidly. 
The 
Figure 5(b) shows the magnitude of the maximum shear-lag stresses,  
which are largest  under conditions that produce the greatest  change i n  
the elementary stresses. The change, however, is  the reverse of that 
of figure 5 (a )  and i s  of smaller magnitude; thus, the change of elemen- 
t a ry  stress i s  somewhat offset .  
Figure 5(c)  shows the magnitude of the elementary thermal s t r e s s  
as  a function of flange and stringer temperatures. 
are given: The dashed l ines  represent thermal s t resses  computed with 
constant e l a s t i c  properties (corresponding t o  T = Oo F); whereas the 
sol id  l i nes  represent values computed with variable e l a s t i c  properties, 
The changing e l a s t i c  properties have a small effect  i n  the low temper- 
ature range because the decrease i n  the modulus of e l a s t i c i t y  is  offset  
by the increase in  the coefficient of thermal expansion; however, a t  
higher temperatures the decreasing modulus predominates and large e f fec ts  
Two types of curves 
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appear. Note that i n  the upper right-hand portion of the figure some 
par t  of the structure w i l l  be i n  the p l a s t i c  range. The plotted curves 
which are  based on an e l a s t i c  material are  inaccurate i n  that region. 
The effect  of variable e l a s t i c  properties i s  thus important i n  
many cases. In  other instances, however, t h i s  e f fec t  can be safely 
neglected, f o r  example, i n  the computation of shear-lag and thermal 
s t resses  in  the previous example when T < 300' F. 
Effects of r i b  f lex ib i l i ty . -  The assumption of closely spaced r i g i d  
r ibs  used in  the previous section is a common one i n  she l l  analysis. It 
usually yields good results when the primary stresges ac t  in  only one 
direction. In  problems involving nonuniform temperature distributions,  
however, it might be less va l id  because spanwise variations i n  the 
temperature dis t r ibut ion w i l l  induce thermal s t resses  in  the r ibs .  The 
following examples i l l u s t r a t e  the effects  of such transverse loading. 
The box beam i n  figure 2 was divided into 5 equal bays by r i b s  
having an effective cross-sectional area equal t o  that of the flange and 
w a s  analyzed by the methods deSeloped i n  appendix C. The resu l t s  of the  
analysis are shown i n  figure 6. 
temperature distributions,  each of which i s  constant across the depth 
of the box beam. Example 1 is  a case of uniform temperature d i s t r i -  
bution of 
not vary spanwise; and examples 3 and 4 add l inear  variations i n  the 
spanwise direction. Figures 6(b)  and 6(c)  give the distributions of 
normal s t ress  f o r  each of the  four cases, the former f o r  temperature 
distributions i n  which the flange i s  hotter than the stringer and the 
l a t t e r  fo r  the reverse conditions. 
Figure 6(a) gives the four assumed 
T = 0' F; example 2 introduces a chordwise gradient t ha t  does 
For the structure with the uniform temperature (example 1) the  
effect  of r i b  f l e x i b i l i t y  is  so small that it cannot be shown i n  f ig-  
ure 6 t o  the scale used. A similar resu l t  i s  obtained i n  example 2, i n  
which there is  no spanwise var ia t ion of temperatures. However, the two 
examples of l inear  spanwise var ia t ion (examples 3 and 4) show a small 
difference of about 3 percent i n  the t o t a l  stress. This small differ-  
ence i n  the t o t a l  stress i s  rather insignificant f o r  t h i s  specific 
example but may be larger  i n  other problems. 
the various s t r e s s  components reveals tha t  most of the change is associ- 
ated with the thermal stresses. Figure 7 shows the magnitude of the 
thermal-stress component f o r  examples 2, 3, and 4. 
r ig id  ribs can be seen t o  lead t o  an e r r o r  of about 1,000 ps i  i n  
examples 3 and 4, which have a spanwise temperature variation. In  
example 3 t h i s  e r ror  was 18 percent of the maximum thermal s t ress ,  
A closer examination of 
The assumption of 
.' Rib f l e x i b i l i t y  i s  therefore seen t o  have an important effect  on 
the thermal s t r e s s  distribution. Whenever the temperature distribution 
has sharp gradients i n  e i ther  the  spanwise o r  depthwise direction, it 
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should be considered as a possible source of error.  I ts  importance, 
however, i n  any specif ic  problem i s  influenced by many unrelated fac tors  
and no general recommendations are possible. 
Distortion of a Four-Flange Box Beam 
Knowledge of the  dis tor t ions of an a i r c r a f t  s t ructure  i s  an essen- 
t i a l  par t  of s t a t i c  and dynamic aeroelast ic  problems that arise i n  the 
design of modern high-speed a i r c ra f t .  The following simple examples a re  
presented t o  a i d  i n  the estimation of the thermal dis tor t ions of various 
s t ructural  elements. 
The temperature dis t r ibut ions considered i n  the  previous examples 
were symmetrical across the  chord and, constant across the depth and, 
therefore, have only a small e f f ec t  Lpon the distortions.  Other than 
extension i n  the spanwise direction, the increased temperatures change 
the deflection only because of changes in  the e l a s t i c  properties of the 
material. The more interest ing case is  that i n  which the temperature is  
not symmetrical w i t h  respect t o  the center l i n e s  of the cross section so 
tha t  the box beam w i l l  bend and t w i s t .  
The thermal dis tor t ions of the four-flange box beam shown i n  f ig-  
ure 8 are i l l u s t r a t ed  i n  figure 9. 
tor t ions shown result from heatinp 0nl.y one flange. Results are presented 
f o r  three different  spanwise dis t r ibut ions of t h i s  flange temperature. 
The method of analysis used was t h a t  of appendix D, i n  which r i g i d  bulk- 
heads and constant e l a s t i c  properties are assumed. These assumptions 
introduce small e r rors  t h a t  are neglected i n  order t o  simplify the 
analysis. 
The box beam i s  not loaded; a l l  dis-  
The results show tha t  i n  each case the box beam deflects  away from 
the heated flange i n  both the horizontal and . e r t i c a l  directions. In 
addition, the box t w i s t s  a small amount because of cross-sectional 
warping tha t  results from the spanwise var ia t ion of' temperature and the 
end e f f ec t s  due t o  the  stress-free boundary condition a t  the t i p .  
Analysis of a Wing Section 
The previous examples t rea ted  s t ructures  that were highly idealized 
i n  order t o  obtain simple, exact solutions which y ie ld  good qual i ta t ive 
r e su l t s  f o r  more complicated structures. Suc2 simple cases are often 
different  from the a i r c r a f t  s t ruc tmes  encountered i n  practice and a 
method of analysis that can eas i ly  be applied is  needed'. 
i s  the extension of ordinary she l l  theory t o  include temperature e f f ec t s  
as i s  done i n  appendix E. The equations developeu are very similar t o  
those usually employed i n  airplane stress analysis and give an elementary 
One poss ib i l i ty  
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s t r e s s  dis t r ibut ion that includes the e f fec ts  of both applied load and 
temperatme distribution, 
Application of t h i s  method is  i l l u s t r a t ed  by an analysis of the 
idealized, circular-arc wing section shown i n  figure lO(a). 
analyzed i s  taken some distance from the  t i p  i n  order that end ef fec ts  
w i l l  be negligible. The temperature dis t r ibut ion i s  assumed constant 
spanwise but t o  have the chordwise var ia t ion shown i n  figure 10(b). 
Figure lO(c) shows the applied moments and forces. 
results are  tabulated i n  table  I, which lists section properties, bending 
stresses, and shear stresses.  For purposes of comparison the values of 
the s t resses  produced by the load when the structure is  a t  a uniform 
temperature of T = 0' F are  a lso l i s ted .  
The section 
The calculations and 
The resu l t s  show tha t  the temperature changes a l t e r  the normal 
stress by as  much as  15,000 psi; t h i s  change is  primarily the result of 
the induced thermal stresses. The largest  changes i n  s t r e s s  a re  i n  the 
webs which a re  a t  a lower temperature than the rest of the structure, 
The maximum normal stress changed its location from elements 5a, 5b, 
and 5c on the compression side t o  element 7a on the  tension side and 
increased i n  magnitude 16 percept. 
stress w a s  about 3 percent, Since the temperature does not vary span- 
wise, there a re  no shear stresses due t o  t h e m 1  expansion and a l l  the 
change i n  the shear s t resses  is due t o  the change i n  e l a s t i c  prqperties. 
In t h i s  example, both the maximum shear and normal stresses would have 
been underestimated by about 3 percent if the e l a s t i c  properties had 
been assumed constant, 
The increase i n  the maximum shear 
In  t h i s  analysis, the wing section was taken some distance from the 
In  the t i p  region t i p  i n  order that  the end ef fec ts  could be neglected. 
the shear s t ress  associated with the end effect  may be important and 
some method of determining it i s  desirable. An exact mathematical 
analysis similar t o  t h a t  used on the simple box beams becomes exceedingly 
complex when applied t o  a structure such as tha t  considered herein. If 
an accurate solution i s  desired, a numerical method of analysis (refer- 
ence 10) has been developed, but t h i s  type of analysis often results i n  
extensive and tedious computational procedures. However, a simple means 
of approximating the solution, such a s  that developed i n  appendix F, 
may be used. 
The calculations required t o  approximate the end effect  i n  a uniform 
wing w i t h  the cross section and temperature dis t r ibut ion of figure 10 are 
summarized i n  t ab le  I (d)  and the  shear 
In t h i s  example the end ef fec t  becomes 
length of the idealized cross section, 
s t resses  a t  the t i p  are l i s ted .  
negligible,75 inches, or 1 chord 
from the t i p .  
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CONCLUDING RENARKS 
Temperature changes may have important effects  upon the strength 
and dis tor t ion of an a i r c ra f t  structure, and they should be given careful 
consideration i n  the design. These e f fec ts  are of two types: The intro- 
duction of thermal s t resses  and dis tor t ions a s  a result of restrained 
thermal expansion and a change i n  the stresses and dis tor t ions due t o  
applied loads as a result of the var ia t ion of e l a s t i c  properties of 
materials with temperature. The re la t ive  importance of these two ef fec ts  
depends on several unrelated variables and must be determined fo r  each 
par t icular  case; the thermal-expansion effect ,  however, w i l l  often be 
the more important. 
These e f fec ts  can be calculated by modifying accepted methods of 
s t r e s s  analysis as  i s  done i n  the appendixes. The elementary method of 
analysis w i l l  be of greatest  pract ical  value since it provides an easy 
method f o r  calculating the e f fec ts  of temperature on the elementary 
stresses, due t o  both applied load and temperature, i n  a she l l  structure 
of a rb i t ra ry  shape. However, it i s  incapable of predicting secondary 
stresses,  which are  often important. Secopdary s t resses  can be estimated 
eas i ly  by applying the exact methods of analysis t o  a simplified model 
of the structure o r  by applying the approximate method of analysis t o  a 
more complicated model. An accurate determination of seconkry s t resses  
i n  a complicated structure requires methods beyond the scope of t h i s  
paper. 
A s  i n  most types of analysis, it is  often possible t o  introduce 
simplifying assumptions ( constant material properties or i n f in i t e  trans- 
verse s t i f fnes s )  and s t i l l  obtain sat isfactory resul ts .  
assumptions are  often l e s s  val id  when nonuniform temperature distributions 
are  involved and they must be used with caution. 
However, these 
Langley Aeronautical Laboratory 
National Advisory Committee f o r  Aeronautics 
Langley A i r  Force Base, Va,, September 14, 1950 
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APPENDIX A 
SYMBOLS 
A 
a 
b 
C 
E 
G 
I 
K 
2 
M 
N 
P 
Q 
9 
t 
T 
cross-sectional area, square inches 
length of bay, inches 
width of panel, inches 
depth of web, inches 
modulus of e l a s t i c i ty ,  psi, 
modulus of r ig id i ty ,  p s i  
moment of iner t ia ,  inches 4 
s t i f fness  parameter 
length of beam, inches 
moment, inch-pounds 
effective moment due t o  restrained thermal expansion, 
inc h-pounds 
s t a t i c a l l y  determinate force group, pounds 
area moment, inches 3 
shear f l o w ,  pounds per inch 
thickness, inches 
temperature increment, measured from temperature of zero 
thermal s t ress  which i s  60° F i n  a l l  examples considered, 
degrees Fahrenheit 
U s t r a in  energy, inch-pounds 
U,V, W displacements i n  x-, y-, z-directions, respectively, inches 
V applied ver t ica l  load, pounds 
X s t a t i c a l l y  indeterminate force group, pounds 
12 NACA TN 2240 
X,Y,Z coordinate axes 
- -  Y,Z y- and z-coordinates of centroid, inches 
a coefficient of thermal expansion, inches per inch per degree 
Fahrenheit 
E normal s t ra in ,  inches per inch 
effectiveness factor  
e angle of t w i s t ,  radians 
CT normal stress, p s i  
7 shear s t ress ,  p s i  
cp decay function 
Subscripts : 
b 
C 
F 
i, 3 
0 
P 
R 
S 
W 
X 
X,Y,Z 
panel width 
web depth 
flange 
specific s ta t ions in  x- and y-directions, respectively 
i n i t i a l  or reference value 
P-force group 
r i b  
stringer 
web 
X-f orce group 
coordinate axes 
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APPENDIX B 
THREE-ELEMENT PANEL WITH CLOSELY SPACED R I G I D  RIBS 
Equations a re  derived f o r  the analysis of a f l a t  panel loaded by a 
uniform shear flow along the longitudinal edges. The panel, shown in 
figure 11, consists of two flanges and a central  s t r inger  which carry 
only ax ia l  loads plus two sheets which carry only shear. The assumptions 
are made tha t  there are closely spaced r i g i d  r ib s  i n  the  transverse 
direction and that the cross section and temperature distributions a re  
symmetrical about the longitudinal center l ine ,  These assumptions and 
the following derivation are  very similar t o  those f o r  the single- 
s t r inger  method of shear-lag analysis (reference l3), the difference 
being in  the introduction of temperature effects.  
The s t ress-s t ra in  re lat ions fo r  the flange, stringer,  and sheet 
are, respectively, 
us = ES& - 
The equations of equilibrium f o r  the flange and stringer are, 
respectively, 
I If the assumption i s  made tha t  the s t ructural  dimensions, panel temper- 
ature, and applied shear f l o w  a re  constant i n  the x-direction, the 
following d i f fe ren t ia l  equation f o r  T can be obtained by differenti-  
a t ing equation (B3) twice w i t h  respect t o  
equations ( B l ) ,  (B2), (Bk) ,  and (B5):  
x and substi tuting from 
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where 
With boundary conditions of zero normal stress a t  the t i p  and zero 
stringer displacement a t  the root, d i f fe ren t ia l  equation (B6)  can be 
solved and the  following equations f o r  the stress distrribution a re  
ob t a ined : 
- 1 -P)F G t  - (aT)S](i - cash Kx 
AS K2b cosh K2 
In equations ( B 7 ) ,  (B8) ,  and (Bg) ,  each individual term represents 
a par t icular  s t r e s s  component. The first group of terms i n  each equa- 
t ion  gives the s t resses  due t o  the applied load q and the second group 
gives the thermal stresses. Each of these groups is i n  turn made up of 
an elementary and a secondary stress.  The elementary load s t resses  a re  
equivalent t o  M c / I  f o r  d and V Q / I t  f o r  7 ,  and the secondary com- 
ponent i s  a shear-lag stress.  The elementary thermal s t r e s s  does not 
NACA TN 2240 15 
produce shear i n  the sheets; however, the secondary component, due t o  
the end effect ,  contributes both n o m 1  and shear stresses.  Observe that  
a l l  t e r m s  contain the e l a s t i c  properties which vary with temperature. 
I 
16 
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THREE-ELEME3T PANEL WITH FUCXIBUC RIBS 
The structure analyzed i s  similar t o  t ha t  of appendix B except, i n  
t h i s  case, the transverse s t i f fness  is  provided by individual f lexible  
r ibs  tha t  divide the structure into a number of bays. Within each bay 
the properties of the structure, the shear stress, and the temperature 
dis t r ibut ion are  assumed constant. The panel can then be analyzed by 
the method of reference 14. This method, which is  applicable t o  most 
she l l  structures, describes the state of stress in  terms of character- 
i s t i c  force groups. For a she l l  of n elements ( o r  s t r ingers)  there 
are n independent force groups, tmee of which are  s t a t i c a l l y  deter- 
m i n a t e ,  the others being s t a t i c a l l y  indeterminate. The magnitude of 
each group is  then determined by minimizing the s t r a in  energy'of the 
structure. 
orthogonal force groups. 
In complicated cases the analysis may be simplified by using 
In the present case, there a re  three independent force groups f o r  
the three-element f l a t  panel being analyzed, but since only symmetrical 
s t ress  distributions are  of interest ,  only t w o  force groups are required, 
These two force groups, one equilibrating the external loads and the 
other self-equilibrating and s t a t i c a l l y  indeterminate, a re  shown i n  f ig-  
ure 12, i n  which the sign conventions and notation employed are  a lso 
shown. 
The force group P i  equilibrates the shear flow applied along the 
longitudinal edges and can be determined from the following equation of 
s t a t i c  equilibrium and the boundary conditions on the stresses:  
The t o t a l  forces i n  the flanges and s t r inger  a t  the i t h  r i b  then a re  
Ps,i = 2(Pi - Xi) 
The shear flow i n  the i t h  panel produced by each force group is  
NAC:I TN 2240 
* 
and the t o t a l  shear flow is  
The ribs are loaded by the change i n  shear between bays and thus the 
load i n  the i t h  r i b  where it intersects  the central  s t r inger  i s  
Equations (C2), (C3), (C4), and (C5) express a l l  of the interpal 
forces i n  terms of the known P-forces and unknown X-forces. These 
unknown forces can be determined by the principle of minimum comple- 
mentary energy. In  writing the expression f o r  the complementary energy, 
the energy required t o  change the temperature of the structure must be 
included, It is  most eas i ly  accomplished i n  t h i s  case by using the 
analogy between thermal stresses and body forces (reference 7); then the 
energy expression i s  
I 
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- 
By minimizing equation (~6) with respect t o  each unknown X-force group, 
a system of simultaneous l inear  equations is obtained. The X-forces can 
then be determined by solving t h i s  set of equations. The general equa- 
t i o n  obtained from the  minimization process can be writ ten as follows: 
where 
9, i-2 
i-1 
- 
%,i - 
9, i+l 
CD i, i+2 
= (22) 
R , i - 1  
1 1  -- 
&i-1 ai 
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and 
The boundary equations a re  not l i s t e d  since they depend on the 
par t icular  end conditions of each problem. 
by minimizing the  t o t a l  energy with respect t o  
boundaries o r  from the known forces at  a free bdundary. 
They can be eas i ly  obtained 
he Xrforces a t  the fixed 
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APPENDIX D 
FOUR-FLANGE BOX BEN4 
Figure 13 i l l u s t r a t e s  the four-flange box tha t  is  analyzed. The 
assumptions made are  that no external loads are applied t o  the beam, 
tha t  the temperature distr;ibution over the cross section is arbitrary,  
tha t  the e l a s t i c  properties of the material a re  independent of temper- 
ature, that the cross section i s  doubly symmetrical, and that the box 
beam has closely spaced r i g i d  bulkheads. 
Since the thermal stress system is  self-equilibrating, it can be 
represented by the X-forc,es and shear f lows  q shown i n  figure 13. This 
system i s  the only possible self-equilibrating one i n  a four-flange box. 
i s  
The equation of equilibrium f o r  any one of the four corner flanges 
ig 
&x) + 2q = 0 
The following s t ress-s t ra in  re lat ions can be written 
E -   (2 - 
= -($ - .) 
2 
= (2 -  UT)^ 1 
= -(E -  UT)^ J 
7 
= Gtb[$(U2 - ul) + - dv - c de 
dx ..;I I 
= Gtc[$(u2 - u3) + dw + b 2 .;] de 1 
J 
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and from equation ( D 3 ) ,  
dw 1 
Y& =-2c(ul + u2 - u3 - u4) 
b C - - -  
- 4 -  
tb 
Differentiating equation (Dl) 
equations ( ~ 2 )  and (D7) leads 
where 
The solution of equation (D8) 
t C 
21 
with respect t o  x and substi tuting from 
t o  the following d i f fe ren t ia l  equation: 
8G 
b c  
tb  t c  
r c ' = R F :  
- + -  
depends upon the manner i n  which the flange 
temperatures vary with X. Solutions are  presented f o r  three cases, i n  
each of which the boundary conditions are that the X-forces a re  zero a t  
the t i p  (x = 2 )  and the shear flow is  zero a t  the root (x = 0). 
If the temperature is constant i n  the spanwise direction, the 
solution i s  
cosh a "> KZX = -T(T1 AEa - T2 + T3 - T4)0(1 - ( D l O )  
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If the  temperature decreases l inear ly  i n  the spanwise direction, the 
solution i s  
cosh KZ 
AEa cash - q = - r ( T 1  - T2 + T3 - T4)o 
v = s ( T 1  ax2 - T2 - T3 + T4),(1 - 5) 
sinh K ( 2  - x) - sinh KZ 
KZ cosh K2 
A E u b  e = - -  &bc(tb .. e)(T1 - T2 + T3 - T4)o 
If the tempera$ure increases l inear ly  i n  the  spanwise direction, 
the solution is  
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AEa cosh Kx + sikih K ( 2  - x)] 
T2 + T3 ' -  T 4 ) 0 ~  - cosh K l  K2 cosh Kl X = -  -T;-(T1 - 
KZ sinh KX + cosh K( 2 - q = AEa -(TI - T2 -f T3 - T4),[1 - 
82 cosh KZ 
1 cosh K x -  1 +sink; K( 2 - x) - sinh KZ cosh Kl KZ cosh KZ - T2+ T3 - T4)o - A E u b  e =  ---__ 8Gbc (tb %(.I 
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ELEMENTARY METHOD OF ANALYSIS 
The detailed procedures commonly used f o r  a i r c r a f t  s t ructural  
analysis take a var ie ty  of forms, but they a re  a l l  based on ordinary 
shel l  theory, which is  a simple extension of beam theory. In  t h i s  
appendix the procedure of reference 15, i s  modified t o  permit the calcu- 
la t ion of elementary temperature effects .  The sign conventions and 
rotation of figure 14 are  used. 
Bending Stresses 
In  accordance with the assumption that plane cross  sections remain 
plane, the s t r a in  a t  any point can be writ ten as a l inear  function of 
the coordinates as  fol lows:  
If the e l a s t i c  properties a re  regarded a s  functions of temperature, the 
s t r e s s  a t  a point i s  
Expressions for k can 
the cross section which 
E j (  E - C L T ) ~  
be obtained from the equilibrium equations of 
require tha t  
~ ( U A ) ~  = 0 
j 
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Substituting equation (E2) in to  (E3) yields 
The result ing expressions f o r  kl ,  k2, and k3 can be greatly simpli- 
f i ed  by the proper choice of coordinate axes, the  greatest  simplification 
being achieved by the use of a s e t  of effective principal axes of iner t ia .  
However, sin& principal axes a re  often inconvenient t o  use, the following 
formulas a re  presented f o r  any s e t  of a rb i t ra ry  orthogonal axes: 
where the effectiveness factor  Q j  i s  
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the coordinates of effect ive centroid are 
the effect ive moments of iner t ia  are  
and the effective moments of thermal expansion are  
J J 
Shear Stresses 
The shear flow i n  a given panel can be determined f romthe  bending 
stresses as  follows: 
c 
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Equation (E6) i s  suff ic ient  t o  define completely the shear f l o w  i n  an 
open-section beam since the shear flow i s  zero a t  the boundaries. A 
single-cell  beam is  s t i l l  s t a t i ca l ly  determinate, however, and the 
following additional equilibrium equation that relates the internal  shear 
f l o w s  t o  the  applied torque may be written: 
where 
A multicell  beam is s t a t i c a l l y  indeterminate, and additional equations 
are  required. These equations may be obtained from the requirement of 
equal t w i s t  of a l l  c e l l s  and the following equation f o r  the angle of 
t w i s t  of a ce l l :  
=e = E("> Gt j 
J 
where A i s  the area enclosed by the c e l l  and the summation i s  taken 
around the ce l l .  In  evaluating equation (E8) it should be remembered 
tha t  the modulus of r i g id i ty  G i s  a function of temperature. 
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APPROXIMATING THE END EFFECT 
NACA TN 2240 
The secondary thermal s t resses  near a s t ress-free end can be 
approximately determined by applying a self-equilibrating force group 
t o  the end of the structure t o  l iquidate the elementary s t resses  and so 
sa t i s fy  the boundary conditions f o r  stress.  
force group is determined by a minimum-energy principle. The problem is  
made a s  simple as possible by assuming t&t the  temperature dis t r ibut ion 
over a cross section does not vary along the length of the beam and tha t  
the beam contains closely spaced r ig id  bulkheads. The notations and 
sign conventions of figure 14 apply. 
The rate of decay of t h i s  
The force i n  any s t r inger  i s  assumed t o  be the product of a function 
of the cross section tlmes a function of x 
The dis t r ibut ion of ( CIA) 
(appendix E ) .  
is given by the elementary analysis 
The shear flow around the section is 
where qJ 
which the assumption i s  made that 
is the shear flow determined from an elementary analysis i n  
The decay function cp(x) can be determined from the principle of 
minimum complementary energy. The t o t a l  s t r a in  energy can be expressed 
i n  terms of cp as  follows: 
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The variation of the  s t r a in  energy is  then determined and set equal t o  
zero; the result i s  
The s t r a i n  energy is  a minimum i f  Q, s a t i s f i e s  the following d i f fe ren t ia l  
equation: 
where 
K 2 =  
With the coordinate system of figure 14 and a beam of length 
following solution of the  d i f fe ren t ia l  equations sa t i s f i e s  the boundary 
conditions of 2 = 0 when x = 0 and cp = 1 when x = 2: 
2,  the  
cosh Kx ' = cosh K2 
A more convenient form of solution is that f o r  an in f in i t e ly  long beam 
in  which x i s  measured from the end a t  which the force group is  
applied; then 
-Kx c p = e  
Equation (F7) i s  similar t o  those previously obtained fo r  the simple 
panel (appendix B) since t h i s  method gives the exact solution t o  problems 
that involve only one s t a t i c a l l y  indeterminate force group. 
the dis t r ibut ion over the cross section varies with x and it is possible 
f o r  a solution obtained by t h i s  method t o  contain appreciable errors. 
However, it does yield a reasonable apgroximation with a small expendi- 
ture of e f fo r t .  
I n  general, 
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TABLE I.- NUMERICAL ANALYSIS OF A WING SECTION - Continued 
(b) Bending stresses and axial loads. 
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Figure 1.- Variation of e l a s t i c  propertines of 75S-T6 aluminum alloy 
with temperature increase as given empirically by 
CL = (12.52 + 0.0035211) X 10- 6 
E = (10.5 - 0.00147T - 0.0000151T2) x lo6 
G = (4.0 - 0.00144T - 0.0000048T2) x lo6 
(Reference 12) 
(Reference 11) 
(Reference 11) 
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Figure 2.- Box beam used for stress-distribution examples. 
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Figure 3.- Stress distribution in the box beam of figure 2 for three 
temperature distributions. 
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Figure 4.- S t ress  components for  the three examples given i n  figure 3. 
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(b) Shear- lag stress. 
Figure 5.- Effect of variable elastic properties on the stress in the 
upper flanges at x = 0. 
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(c) Thermal stress. 
Figure 5 - Concluaed 
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(b) Normal stresses when flange (1) IS hotter than stringer (a), 
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(c) Normal stresses when stringer (I) is hotter than flange (1). 
Figure 6.- Effects of r ib  stiffness on the stress distribution. 
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Figure 7. - Thermal stress components f o r  examples i n  f igu re  6. 
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Figure 8.- Box beam used f o r  examples of thermal distortions. 
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Figure 4.- Temperature dis t r ibut ion and thermal 
four-flange box beam of figure 8. 
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(a) Idealized wing section and positive direction of shear flows. 
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Figure 10.- Structure, temperatures, and loads used in example of 
elementary analysis. 
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Figure 11.- Sign conventions and notation used in the analysis of the 
three-stringer panel with closely spaced rigid ribs (appendix B). 
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Figure 12.- Sign conventions and notation used in the analysis of the 
three-stringer panel with individual flexible ribs (appendix C) . 
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Figure 13.- Sign conventions and notation used in the four-flange box 
analysis (appendix D). 
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Figure 14.- Sign conventions and notations used i n  the elementary 
analysis (appendix E ) .  
